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Introduction

LYWHEELS are a combined energy and momentum storage

device that can offer potential savings in mass for spacecraft
by combining both the attitude control and the power management
functions. This combination is accomplished by augmenting or al-
together replacing conventional batteries and control moment gyro-
scopes (CMGs). Such systems are commonly known as integrated
power and attitude control systems. In Ref. 1, some of the early de-
velopments in flywheel technology and applications for combined
power and attitude control systems are discussed.

Several research programs have focused on developing a flywheel
system for use onboard the ISS. Initially, the flywheels were not de-
signed to aid the ISS double-gimbal CMG-based attitude control
system, but were only to provide energy and power management.’
In Ref. 3, the authors investigated control laws for combining the
flywheels with the CMGs for ISS attitude control. The control laws
were designed for seeking and maintaining a torque equilibrium atti-
tude (TEA) for flywheel and CMG momentum management and for
holding an arbitrary but fixed orientation as would be required for
rendezvous and docking operations. Both scenarios made use of lin-
ear quadratic regulator (LQR) theory for determining the controller
state feedback gains.

The authors of Ref. 3 also considered a nonlinear controller based
on Refs. 4 and 5 for performing large-angle reorientation maneu-
vers. The controller is based on feedback linearization and Lyapunov
stability theory and can satisfy control and slew rate limits. The re-
sults of applying the nonlinear control law led to singularities in the
flywheel steering law such that the power management function of
the flywheels could not be accomplished. This problem was reme-
died by introducing flywheel angular momentum feedback into the
control law. An ad hoc procedure was devised in which the same
flywheel momentum error feedback gains were used as in the TEA-
seeking LQR controller. Numerical simulations of this controller
showed good results; however, no stability proof of the controller
was presented. It is the purpose of this Note to develop a reorien-
tation controller that is provably globally asymptotically stable and
simultaneously manages the flywheel angular momentum to avoid
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singularities in the power-tracking performance. Additionally, be-
cause a structure as large as the ISS is subject to great deal of uncer-
tainty in the knowledge of its inertia, it is desirable that the controller
be robust with respect to uncertainties in the inertia properties.®

Equations of Motion

In this section, the dynamic model to be used for the nonlinear
control law development is discussed. The summary to follow begins
with the definition of several coordinate systems.

First, the inertial reference frame is assumed to be located at
the center of the Earth and is designated as the / frame. The local-
vertical/local-horizontal reference frame, referred to as the L frame,
is one in which the I, axis is oriented in the opposite direction of
the orbital angular momentum vector, the I3 axis points toward the
center of the Earth, and the ; axis is chosen to complete a right-
handed orthogonal system. Note that for circular orbits /; is in the
velocity direction. The reference frame aligned with the body axes
of the spacecraft is designated as the B frame. The unit vectors of
this frame are by, by, and b;. The target/desired reference frame
that represents the prescribed final orientation of the body after the
reorientation maneuver is designated the D frame, with unit vectors
d] N dz, and d}

The large-angle reorientation attitude kinematics are best repre-
sented using the modified Rodrigues parameters (see Ref. 7). The
matrix of the transformation from the L frame to B frame is given
by®

Rup=I+[4(1-3"8)/(1+p"8)° 18" +18/(1+ 5" B)’1(8*)
)]

where 3 is the modified Rodrigues parameter vector for the trans-

formation between the L frame and the B frame, 3* is given by

0 B —p
B =|-8 0 p 2)
B =B O

and [ is the identity matrix.

The matrix for the transformation from the L frame to the D
frame, R} p, is given in terms of the modified Rodrigues parameter
6 and is of the same form as Eq. (1) but is found by using & in place
of 3. The definition of the preceding transformation matrices lead
directly to the definition of an error transformation that describes
the difference between the B frame and the D frame. The error
transformation matrix, Rpp, is assumed to be given in terms of the
modified Rodrigues parameter 7. The error transformation is given
explicitly as Rpg =R LBR{ p- The error transformation matrix may
also be written in the form of Eq. (1) with parameter 7.

The rotational kinematics of the B frame relative to the D frame
are

7 =YI—n* + 90" — [ +n"n)/21E 3)

where £ is the angular velocity of the B frame relative to the D
frame, represented in the B frame. The angular velocity of the D
frame with respect to the / frame, given by w, may be written as

o 0
1+676 \ .
w:2RDB<H—6X+667—+T]I> 6—RpzR.p Q2

0

“

where €2 is the mean motion of the spacecraft in its orbit.
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The kinetic equation of rotational motion describing the dynamics
of the B frame with respect to the D frame may be found from
recognizing that the angular velocity of the B frame with respect
to the I frame is given by the sum w + & and that the total angular
momentum of the system is the sum I(w + &) + h + H, where I is
the system inertia matrix, & is the flywheel angular momentum, and
H is the CMG angular momentum. Substituting these sums into
Euler’s rotational equation gives the result’

Iw+& +h+H+ W+ Uw+E+h+H =T (5

where T is the external torque. The rotational dynamics of the B
frame relative to the D frame may be found by solving for £, which
yields

€= —I""[Io + 1€ + wlw + W I¢
+&Tw+1w—T+ 1+ 0] (6)

where 7 is the CMG internal torque and o is the flywheel internal
torque, which are defined as

U=h+(w—|—£)xh @)
T=H+ w+& H (8)

Assuming, without loss of generality, that the flywheel system is
made up of rotors arranged in counter-rotating pairs in each of the
body-axis directions, implies that the rotational equations for the
wheel speeds are™!°

Joy =M, — JE O]
Jboy = M, — JE (10)
Jios =M — J& (11)
Joyg =My — J& (12)
Jis = Ms — J&; (13)
Jve = Mg — J&; (14)

where M; is the motor—-generator torque, v; and v, are the speeds
of the two flywheel rotors aligned with the b, axis, and similarly for
the other pairs of rotors for the b, and b3 axes, and J is the flywheel
rotational inertia.

The external torque T includes all disturbances. For this Note,
only the gravity torque is modeled explicitly. The gravity torque
may be expressed as

T =32°XTA (15)

where the quantity }\ is the representation of the i} axis in the B
frame, found from A =R, ;.

Note that the inertia properties of the spacecraft are realistically
not known with precise certainty. Therefore, the inertia matrix may
be expanded as I =1, + A, where I is the known or nominal iner-
tia matrix, and A represents the difference between the actual and
nominal inertia. Clearly A is an unknown quantity, although it will
be assumed later that the uncertainty has a known bound.

In summary, the rotational equations of motion to be controlled
may be written in the form

n=Gm¢ (16)
H = fu(n. &1, D) + G, {T T & T ’)} (17)
h o
where
Gm) = 3{I—n*+nn" —[(1 +n"n)/2]1} (18)
f(l(n? é’ h? t)
—I; ' [Todo + € Io& + w*Tow + W Ip€ + £ Iow
= o€ w — 32 ol | (19)

—(w+&*h
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pm. & 7.0, 1) = [Iow + £ 1§ + w*low + w*Io€ + £ Iow
1€ w — 3P ok | — IoT ™! 16 + €7 1€ + w*Iw + w*I¢
+&Iw + I8 w = 3L + [I- LI |(r +0) 2D

where p represents the uncertainty in the rotational dynamics of the
B frame due to imperfect knowledge of the inertia matrix. Note that
I, =1 implies that &t =0.

In summary, the kinematic differential equations describing the
evolution of the B frame relative to the D frame, as paramterized
by n, is given in Eq. (16) and the kinetic differential equations
describing the dynamics of the angular velocity of the B frame
relative to the D frame and the flywheel angular momentum is given
in Eq. (17). The control design problem seeks to determine inputs
7 and o such that 77, €, and & go to zero asymptotically, for generic
initial conditions. The CMG momentum is governed by Eq. (8) and
is not expected to go to zero during the reorientation maneuver. The
control design problem is further constrained by the flywheel power
management function, as is discussed in the next section.

Power Management with Flywheels

A further constraint on the problem is that the flywheel system
must simultaneously provide the requisite control torque o as well
as the total electrical power as required by the spacecraft bus. The
power provided by the flywheels is given by?

P = J(0v; + 0205 + U303 + V404 + D505 + Vge) (22)

If the components of the spacecraft inertial angular velocity
are assumed to be small relative to the flywheel speeds, then the
motor—generator torque required to effect the control torque may be
approximated by M; = Jv;, fori =1, ..., 6. Assembling the pre-
ceding equations together results in an underdetermined system of
the form Ax =y, where

1 1 0 0 O
A 0 0 1 1 0 93
10 0 0 0 1 1 =

V1 UV U3 Vg Vs Vg

oS O

x=[M M, My My Ms M]" (24)
y=lo+w+&*h, PI" (25)

One solution of the system of equations is the Moore—Penrose
matrix pseudoinverse, which yields the minimum-norm solution for
the motor—generator torque. The solution is x =A7 (AAT)"'y. An
analytic expression for the matrix pseudoinverse is given in Refs. 3
and 10 and is not repeated here.

Controller Design

In this section, the development of a control law for performing
large-angle reorientation maneuvers and simultaneous flywheel mo-
mentum and power management using the sliding mode technique
is described. The equations of motion given in Egs. (16) and (17) are
well suited for a sliding mode control design,!! which is essentially
arobust backstepping technique. Backstepping is a systematic con-
trol design method in which a subset of the state space is regarded
as an input to the dynamics of another subset of the state space. This
pseudoinput is designed to stabilize asymptotically the subset of the
dynamics. The next step of the control design procedure is to pick
the next series of inputs to make the previous pseudoinputs track to
the desired value. The process is then applied in recursion through
all subsets of the dynamics until the actual control input is designed.
Sliding mode control is a robust approach in which the controller
compensates for structured uncertainty in the system dynamics.!’
The control design technique is similar to backstepping in the sense
that the model takes the form of a cascaded nonlinear system, but
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differs in that the error between the actual and desired pseudoinputs
is made to converge to zero (or a neighborhood of zero) in finite time
rather than asymptotically. Backstepping and sliding mode control
techniques have been applied to spacecraft reorientation problems
in Refs. 12-14.

In the spacecraft reorientation problem at hand, there are two
subsystems to work with. First is the 17 subsystem for which £ is
to be considered as an input. The second subsystem is the (&, k)
subsystem for which the control inputs 7 and o are to be designed
to meet the requirements set forth on £ in the first problem.

Kinematic Subsystem

To find a choice of £ = ¢(n) to stabilize the ) dynamics, consider
the function’ V (17) =2 (n(1 +n"n). This function is both positive
definite and radially unbounded. Also, V =0 only when n=0. A
choice of feedback ¢(n) = —K;n, where K; > 0, renders the func-
tion rate V = —n” K;n < 0, as has been shown in Ref. 7. With this
choice of feedback, the subsystem is globally asymptotically stable
from Lyapunov’s direct method (Theorem 4.2 in Ref. 11). Addition-
ally, the kinematics have no uncertainty, and therefore, the closed-
loop system with this choice of pseudoinput can be thought of as
robust.

Kinetic Subsystem

To design a controller to drive the (£, ) dynamics to the desired
value of the pseudoinputs [¢(n7), 0] in finite time, first define the
error as z = {& — ¢(n), h}", which obeys the dynamics

0¢
) T+um.§ 7.0) --G(m)E
¢ =fq(n,§,h>+cu{ # "05 }— an (26)
0
When the preliminary controller
o¢ ] -
T _1 +-G(M)€ a7
=G, on —fam &R | +G, ¢ 27)
o o
0 —
is substituted, the error dynamics transform to
T e T, 0
z={~}+6a{”("£ )} (28)
o 0
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If the function p and parameter k are defined as

p(m. &) = |12 IAIZLENR + lle]?
+llwll + 3N wl + 3271 (29)
k=[5 1Al + 151 (30)

Then it may be shown that the uncertainty term in the preceding
differential equation obeys the bound

‘Ga {u(n,ﬁm a,t)}

0
Note that the term || A || iS meant to be a measure of the known
bound on the inertia uncertainty, not the norm of the actual inertia
deviation, which remains unknown.
The controller that drives the error state z to zero (or a neighbor-
hood of zero, as will be discussed presently) is given by!!

{%}__ 1 {[P(n»ﬁah)—f—bg]sat[ﬁ—qb(n),e]
I -k [p(n, &, h) + by] sat (h, €)

3D

7"’-
sp(n,&h)JrkH{&}

o0 o0

c

} (32

where b; and b, are parameters that define the desired convergence
time and the saturation function is defined as
1 for ¢>c¢€
sat(¢,e) = 1 ¢/e for [¢]<e (33)
—1 for ¢ < —e

for some input ¢. The use of the saturation function rather that the
sign function guarantees convergence of z to a neighborhood of 0
(Ref. 11), but avoids problems associated with discontinuous control
inputs. (Note that the saturation function and the sign function are
equivalent for € =0.) In the next section, numerical simulation of
the controller designed in this section is discussed.

Numerical Simulation

In this section, simulation results of the equations of motion and
feedback controller discussed in the preceding sections are provided.
Initial conditions and simulation parameters are summarized in
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Fig. 1 Simulation results.
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Table 1 Simulation and control parameters

Parameter Value

Q 1.131 x 1073 rad/s
6 [0,0,0]”
7(0) [0.116, 0.349, 0.930]7
£(0) [0,0, 017
v1(0), v3(0), vs5(0) 25.0 krpm
v2(0), v4(0), v (0) 20.0 krpm

J 4.82 kg -m?

I Allo 1,616,496 kg - m?
b 1074

b 1

k 7.65 x 108

€ 0.01

Table 1. Additionally, the inertia matrices, gain matrices, and desired
power profile used for simulation are as follows:

50.28 —0.39 —0.24
In=(136x10% [ —0.39 10.80 0.16 (34)

—024 0.16 5857

50.18 —0.37 —0.22

I=(136x10% | —0.37 10.71 0.11 (35)
—-0.22 011 59.10
K, = (1/250)1 (36)
105.6 kW for 0<t=<22n/Q)
P= ; (37)
—2112kW  for 2Q27/Q) <t <27m/Q

The results of the controller implementation are shown in Fig. 1.
Figure 1 shows the time histories of the modified Rodrigues param-
eters 77 and the time histories of the angular velocity of the B frame
relative to the D frame, £. The angular velocity rapidly reaches the
desired value ¢ (1), and from there, the orientation error decays to
the origin asymptotically. The flywheel momentum and CMG mo-
mentum are shown in Fig. 1. The flywheel momentum is clearly
stabilized, although with some overshoot, which could be elimi-
nated with an increased gain. Finally, the control torques as output
from the feedback law are shown in Fig. 1. Note that the CMG
control torque is larger than the flywheel control torque by several
orders. The flywheel motor—generator torques determined from the
desired power profile and the desired control torque are not shown,
nor are the flywheel speeds.

Conclusions

The formulation and implementation of a nonlinear controller
for performing large-angle reorientation maneuvers have been dis-
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cussed. The controller exploited the cascaded structure of the dy-
namics and was designed explicitly to be robust with respect to poor
knowledge of the spacecraft inertia properties. The results show ad-
equate performance of the controller, although some tuning of gains
would be required to achieve some specific objectives, in terms of
settling time and overshoot, for example. Additionally, future work
could focus on developing Monte Carlo simulations of the proposed
controllers to evaluate robustness properties for comparison with
design specifications.
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